Abstract. The canonical double cover D(Γ) of a graph Γ is the direct product of Γ and K 2 . If Aut(D(Γ)) = Aut(Γ) × Z 2 then Γ is called stable; otherwise Γ is called unstable. An unstable graph is called nontrivially unstable if it is connected, non-bipartite and no two vertices have the same neighborhood. In 2008 Wilson conjectured that, if the generalized Petersen graph GP(n, k) is nontrivially unstable, then both n and k are even, and either n/2 is odd and k 2 ≡ ±1 (mod n/2), or n = 4k. In this paper we prove that this conjecture is true. At the same time we completely determine the full automorphism group of the canonical double cover of GP(n, k) for any pair of integers n, k with 1 ≤ k < n/2.
Introduction
All graphs considered in the paper are finite, simple and undirected. As usual, for a graph Γ we use V (Γ), E(Γ) and Aut(Γ) to denote its vertex set, edge set and automorphism group, respectively. For a positive integer n, denote by Z n , D 2n , A n and S n the cyclic group of order n, the dihedral group of order 2n, the alternating group of degree n and the symmetric group of degree n, respectively.
The canonical double cover of a graph Γ (see, for example, [4] ), denoted by D(Γ), is defined to be the direct product of Γ and K 2 , where K 2 is the complete graph of order 2. That is, D(Γ) is the graph with vertex set V (Γ) × Z 2 in which (u, x) and (v, y) are adjacent if and only if u and v are adjacent in Γ and x = y. It can be verified that D(Γ) is connected if and only if Γ is connected and non-bipartite (see, for example, [1, Theorem 3.4] ). Clearly,
If Aut(D(Γ)) = Aut(Γ) × Z 2 , then Γ is called stable; otherwise, Γ is called unstable. It can be easily verified (see, for example, [5, Proposition 4.1] ) that a graph is unstable if it is bipartite with nontrivial automorphism group, or disconnected with two isomorphic connected components, or contains two distinct vertices with the same neighborhood. In light of this observation, we call an unstable graph nontrivially unstable if it is connected, non-bipartite and vertex-determining, and trivially unstable otherwise, where a graph is called vertex-determining if no two vertices have the same neighborhood in the graph.
The stability of graphs was first studied in [5] by Marušič, Scapellato and Zagaglia Salvi using the language of symmetric (0, 1) matrices. Since then this concept has been studied extensively by several authors from different viewpoints [4, 6, 7, 9, 10, 12] . In [7] , the stability of graphs played an important role in finding regular embeddings of canonical double covers on orientable surfaces. In [4] , close connections between the stability and two-fold automorphisms of graphs were found. In [6] , searching for nontrivially unstable graphs led to the introduction of generalized Cayley graphs, and it was proved among others that every generalized Cayley graph which is not a Cayley graph is unstable. In [9] , methods for constructing arc-transitive unstable graphs were given, and three infinite families of such graphs were constructed as applications. Stability of circulant graphs was studied in [12] by Wilson and in [8] by the authors of the present paper, where in the latter paper an open question in [12] about the stability of arc-transitive circulant graphs was answered and an infinite family of counterexamples to a conjecture of Marušič, Scapellato and Zagaglia Salvi [5] was constructed.
Apart from circulant graphs, Wilson [12] also studied the stability of a few other interesting families of graphs, notably generalized Petersen graphs. Given integers n, k with 1 ≤ k < n/2, the generalized Petersen graph GP(n, k) is the cubic graph with 2n vertices, say, u 0 , u 1 , . . . , u n−1 , v 0 , v 1 , . . . , v n−1 , and edges {u i , u i+1 }, {u i , v i }, {v i , v i+k }, for i ∈ {0, 1, . . . , n − 1}, with subscripts modulo n. It is readily seen that GP (5, 2) is the well-known Petersen graph. It is also easy to see that GP(n, k) is connected and vertex-determining. Beginning with [11] , generalized Petersen graphs have been studied widely in many different contexts. In particular, in [12, Theorems P.1-P.2], Wilson proved that GP(n, k) is unstable provided that (n, k) satisfies one of the following conditions: (P.1) n = 2m, where m ≥ 3 is odd, and k is even such that k 2 ≡ ±1 (mod m); (P.2) n = 4k and k is even. In [12, p.377 ], Wilson conjectured that the converse of this statement is also true: Conjecture 1.1. Every nontrivially unstable generalized Petersen graph GP(n, k) satisfies (P.1) or (P.2).
In this paper we prove that this conjecture is true. The first main result in the paper is as follows. 
Theorem 1.2. Let n and k be integers with
It is clear that condition (P.1) is equivalent to that both n and k are even and k 2 ≡ ±1 (mod n/2), corresponding to (iii.1) above. Also, condition (P.2) corresponds to (iii.2) above. Thus Theorem 1.2 implies that GP(n, k) is nontrivially unstable if and only if (n, k) satisfies (P.1) or (P.2), proving Conjecture 1.1. Note that this statement also covers the above-mentioned result of Wilson on GP(n, k), yielding another (though not simpler) proof of [12, Theorems P.1-P.2].
Let
be the canonical double cover of GP(n, k) and
the full automorphism group of DGP(n, k). Obviously, DGP(n, k) is a cubic graph of order 4n. We will prove Theorem 1.2 by completely determining the permutation group A(n, k) for any integers n, k with 1 ≤ k < n/2. As we will see shortly, except several sporadic cases, A(n, k) is determined by one of the following seven groups:
Note also that L(n, k), M(n, k) and N(n, k) are all semidirect products of D 2n × Z 2 by Z 2 , but they are not necessarily isomorphic to each other. The presentation in the definition of each of these seven groups determines the natural action of A(n, k) as the automorphism group of DGP(n, k) because the generators involved correspond to specific automorphisms of DGP(n, k) as we will see in later sections (for example, the generators of K(n, k), L(n, k), M(n, k) and N(n, k) will be defined in (12)-(16) and (18)-(19)).
The second main result in this paper is as follows. Theorem 1.3. Let n and k be integers with 1 ≤ k < n/2. (i) If both n and k are odd, then the following hold:
If n is odd and k is even, but (n, k) = (5, 2), then the following hold:
If n is even and k is odd, but (n, k) = (4, 1), (8, 3) , (10, 3) , (12, 5) , (24, 5) , then the following hold:
(iv) If both n and k are even, but (n, k) = (10, 2), then the following hold:
We would like to emphasize that Theorem 1.3 contains more information than needed to prove Theorem 1.2. Moreover, Theorem 1.3 is of interest for its own sake because the group A(n, k) may be useful in studying other problems for DGP(n, k), especially those involving symmetries of this graph. In general, it is challenging to determine the full automorphism group of a graph. An early success in this line of research is the determination of the automorphism group of GP(n, k) achieved by Frucht, Graver and Watkins in [3] . Theorem 1.3 gives parallel results for the canonical double covers of generalized Petersen graphs. Our proof of Theorem 1.3 is inspired by [3] .
The rest of the paper is organized as follows. In the next section we set up notation and present the automorphism group of GP(n, k). In Section 3 we study the stability of GP(n, k) for odd n. In Section 4 we determine all trivially unstable generalized Petersen graphs. The most technical part of the paper is Section 5, where we study nontrivially unstable generalized Petersen graphs GP(n, k) and determine the corresponding groups A(n, k) through analysis of two subgroups of A(n, k). In Section 6 we prove Theorems 1.2 and 1.3 based on the results obtained in Sections 3-5.
2. Preliminaries 2.1. Notation. We will use the following notation throughout the paper. Let n and k be integers with 1 ≤ k < n/2. As before we label the vertices of GP(n, k) by
in such a way that the edges of GP(n, k) are given by (8) {u
with subscripts modulo n. Then the vertex set of DGP(n, k) is
and the edge set of DGP(n, k) consists of
for i ∈ {0, 1, . . . , n − 1} and j ∈ {0, 1}, with subscripts taken modulo n.
2.2.
Automorphism groups of generalized Petersen graphs. The automorphism group of GP(n, k) was determined by Frucht, Graver and Watkins (see [3, Theorems 1 and 2, p.217-218]). We present their result in the following lemma, where the groups F (n, k), J(n, k) and H(n, k) are as defined in (1), (3) and (2), respectively. This result will be used in the next two sections.
Lemma 2.1. Let n and k be integers with 1 ≤ k < n/2. If (n, k) = (4, 1), (5, 2), (8, 3) , (10, 2) , (10, 3) , (12, 5) , (24, 5) , then the following hold:
Moreover, the following hold:
Stability of generalized Petersen graphs GP(n, k), n odd
We now prove that if n is odd then GP(n, k) is stable and DGP(n, k) is isomorphic to a generalized Petersen graph. Proposition 3.1. Let n and k be integers with n odd and
In both cases, GP(n, k) is stable and A(n, k) is given as follows:
(i) If both n and k are odd, then the following hold:
Proof. First assume that k is odd. Then it is straightforward to verify that the mapping
for even i ∈ {0, 1, . . . , n − 1} and odd j ∈ {0, 1, . . . , n − 1} defines an isomorphism from DGP(n, k) to GP(2n, k). Thus DGP(n, k) ∼ = GP(2n, k). Note that both n and k are odd. Thus, if k 2 ≡ ±1 (mod n), then k 2 ≡ ±1 (mod 2n), and hence by Lemma 2.1 we have Aut(GP(n,
, and by Lemma 2.1 we
, and hence by Lemma 2.1
Thus (i.3) holds. In each case, A(n, k) is as claimed and GP(n, k) is stable.
Next assume that k is even. It can be verified that the mapping
for even i ∈ {0, 1, . . . , n − 1} and odd j ∈ {0, 1, . . . , n − 1} defines an isomorphism from DGP(n, k) to GP(2n, n − k).
Since n is odd and k is even, it follows that k 2 ≡ 1 (mod n) if and only if (n − k) 2 ≡ 1 (mod 2n), and
we can apply what we proved above to GP(2n, n − k) to obtain that A(n, k) is as shown in (ii.1)-(ii.3) and GP(n, k) is stable. Since DGP(5, 2) ∼ = GP(10, 3), we have Aut(GP(5, 2)) ∼ = S 5 and A(5, 2) ∼ = Aut(GP(10, 3)) ∼ = S 5 × Z 2 by Lemma 2.1. Hence (ii.4) holds and GP(5, 2) is stable.
Trivially unstable generalized Petersen graphs
For a positive integer a and a graph Γ, denote by aΓ the graph consisting of a vertex-disjoint copies of Γ.
Proposition 4.1. Let n and k be integers with 1 ≤ k < n/2. Then GP(n, k) is trivially unstable if and only if it is bipartite, which is true if and only if n is even and k is odd. Moreover, if n is even and k is odd, then DGP(n, k) ∼ = 2GP(n, k) and
Proof. Since GP(n, k) is connected and vertex-determining, it is trivially unstable if and only if it is bipartite.
We claim that GP(n, k) is bipartite if and only if n is even and k is odd. In fact, the vertex set of GP(n, k) can be partitioned into
In view of (8), one can see that, if n is even and k is odd, then no two vertices in U ℓ are adjacent, for ℓ = 1, 2, and hence GP(n, k) is bipartite with bipartition {U 1 , U 2 }. Conversely, assume that GP(n, k) is a bipartite graph. Then it contains no odd cycles. Since GP(n, k) contains the n-cycle (u 0 , u 1 , . . . , u n−1 ), it follows that n must be even. Since each edge of GP(n, k) joins vertices in distinct parts of the bipartition, from the edges of this n-cycle and the edges {u i , v i } for i ∈ {0, 1, . . . , n − 1}, we see that the bipartition of GP(n, k) must be {U 1 , U 2 }. It follows that, for each i ∈ {0, 1, . . . , n − 1}, the edge {v i , v i+k } of GP(n, k) has one end-vertex in U 1 and the other end-vertex in U 2 . Hence k must be odd. Therefore, GP(n, k) is bipartite if and only if n is even and k is odd.
Suppose that n is even and k is odd in the remaining proof. Let
. Let Γ 1 and Γ 2 be the subgraphs of DGP(n, k) induced by V 1 and V 2 , respectively. Since n is even and k is odd, we see from (9) that there is no edge between Γ 1 and Γ 2 . Moreover, the mapping
defines an isomorphism from Γ 1 to GP(n, k), and the mapping
Nontrivially unstable generalized Petersen graphs
In this section we focus on nontrivially unstable generalized Petersen graphs. By Propositions 3.1 and 4.1, if GP(n, k) is nontrivially unstable, then both n and k are even.
5.1. Outer edges, inner edges, and spokes.
and S form a partition of the edge set of DGP(n, k). Obviously,
The edges in O, I and S are called the outer edges, inner edges and spokes of DGP(n, k), respectively. Similar terminology will be used for edges of GP(n, k). It can be verified that the subgraph of DGP(n, k) induced by O is the union of gcd(n, 2) pairwise vertex-disjoint cycles of length 2n/ gcd(n, 2); we call such cycles outer rims of DGP(n, k). If n/ gcd(n, k) is odd, then the subgraph of DGP(n, k) induced by I is the union of gcd(n, k) pairwise vertex-disjoint cycles of length 2n/ gcd(n, k); if n/ gcd(n, k) is even, then the subgraph of DGP(n, k) induced by I is the union of 2 gcd(n, k) pairwise vertex-disjoint cycles of length n/ gcd(n, k); in both cases we call such cycles inner rims of DGP(n, k). Set
and
Lemma 5.1. Let n and k be integers with 1 ≤ k < n/2 and γ be an element of A(n, k Proof. We first prove: Claim 1: If γ maps an outer edge to a spoke, then this outer edge has an adjacent outer edge that is mapped to an inner edge by γ.
In fact, suppose that γ maps an outer edge {(u i , j), (u i+1 , 1 − j)} to a spoke {(u s , t), (v s , 1 − t)}, for some i, s ∈ {0, 1, . . . , n − 1} and j, t ∈ {0, 1}. Then either
In the former case, as illustrated in the figure above, since (u i+2 , j) is a neighbor of (
, then γ maps the outer edge {(u i−1 , 1 − j), (u i , j)} to an inner edge incident to (v s , 1 − t). This proves Claim 1.
Similar to Claim 1, we can prove: Claim 2: If γ maps an inner edge to a spoke, then this inner edge has an adjacent inner edge that is mapped to an outer edge by γ.
By Claims 1 and 2, if γ does not stabilize S setwise, then it cannot stabilize any of O, I and S setwise. In other words, if γ stabilizes any of O, I and S setwise, then it stabilizes S setwise. Now assume that γ stabilizes S setwise and n is odd. Let Γ be the spanning subgraph of DGP(n, k) obtained by deleting all spokes S. Since γ ∈ A(n, k) and γ stabilizes S, we have γ ∈ Aut(Γ). Since O induces a connected component of Γ, it follows that γ maps O to O or E(Γ) \ O, the latter being I. Therefore, γ either stabilizes each of O and I setwise or interchanges O and I.
In the remaining proof we assume that γ stabilizes S setwise and both n and k are even. Then O induces two vertex-disjoint n-cycles, namely ((u 0 , 0), (u 1 , 1), (u 2 , 0), (u 3 , 1) , . . . , (u n−2 , 0), (u n−1 , 1)) and
Since i + j and (i + 1) + (1 − j) have the same parity, (u i , j) and (u i+1 , 1 − j) are both in O 1 or both in O 2 . Without loss generality we may assume that they are both in O 1 . Then γ maps O 1 to an inner rim as γ stabilizes S, and so each inner rim has length n. Hence there are exactly two inner rims in DGP(n, k). Since both n and k are even, these inner rims must be
and 1) , . . . , (v n−2 , 0), (v n−1 , 1)}. Since γ maps O 1 to an inner rim, it maps I 0 into U and so (v 0 , 0) γ , (v 1 , 1) γ ∈ U, where U is as defined in (10) . Since (v 0 , 0) ∈ I 1 and (v 1 , 1) ∈ I 2 , it follows that γ maps the inner rims I 1 and I 2 to outer rims and thus maps the outer rims O 1 and O 2 to inner rims. This implies that γ interchanges O and I, completing the proof.
B(n, k) and C(n, k).
Define B(n, k) to be the setwise stabilizer of S in A(n, k) and C(n, k) the subgroup of A(n, k) stabilizing each of O, I and S setwise. That is,
Of course, C(n, k) ≤ B(n, k) ≤ A(n, k). Define permutations ρ, δ and β on V (DGP(n, k)) by letting (12) (
for all i ∈ {0, 1, . . . , n − 1} and j ∈ {0, 1}. It is straightforward to verify that ρ, δ, β ∈ C(n, k) and
In addition, if n = 4k and k is even, then define permutation θ on V (DGP(n, k)) by letting
for all i ∈ {0, 1, . . . , n − 1} and j ∈ {0, 1}. One can verify that θ ∈ C(n, k). The purpose of this subsection is to determine B(n, k) and C(n, k) when both n and k are even. Let us begin with the following result for C(n, k).
Proposition 5.2. Let n and k be even integers with
Proof. Since n is even, O induces two vertex-disjoint n-cycles, namely
For any γ ∈ C(n, k) (u 0 ,0) , by applying an appropriate element of δ when necessary, we may assume that γ fixes (u 1 , 1) and (u n−1 , 1). Then γ fixes every vertex of O 1 . Since γ stabilizes each of O, I and S setwise, it follows that γ stabilizes O 2 setwise and fixes
First assume that n = 4k. Then each inner rim has length ℓ, where ℓ = 2n/ gcd(n, k) ≥ 6 (as n > 2k) if n/ gcd(n, k) is odd, and ℓ = n/ gcd(n, k) ≥ 6 (as n > 2k and n = 4k) if n/ gcd(n, k) is even. Note that ℓ is even in both cases. Let
be an arbitrary inner rim, where i ∈ {0, 1, . . . , n − 1} and j ∈ {0, 1}. Without loss of generality we may assume that i + j is even. Then both (i + 2k) + j and (i + 4k) + j are even. Hence (v i , j), (v i+2k , j), (v i+4k , j) ∈ I 0 . Since ℓ ≥ 6, we infer that (v i , j), (v i+2k , j) and (v i+4k , j) are pairwise distinct vertices in I. Recall that γ fixes I 0 pointwise. So there are at least three vertices of I fixed by γ. Thus γ fixes every vertex of I. It follows that γ fixes every vertex of DGP(n, k). Hence C(n, k) (u 0 ,0) = δ . This together with (17) implies that C(n, k) = ρ, δ, β ∼ = D 2n × Z 2 .
Next assume that n = 4k. Then O 2 is a cycle of length 4k > 4 and the subgraph of DGP(n, k) induced by I consists of 2k pairwise vertex-disjoint 4-cycles of the form
where i ∈ {0, 1, . . . , n − 1} and j ∈ {0, 1}. Without loss of generality we may assume that i + j is even. Then (i + 2k) + j is even and both (i + k) + (1 − j) and (i + 3k) + (1 − j) are odd as k is even. Hence (u i , j) and (u i+2k , j) are in O 1 , (u i+k , 1 − j) and (u i+3k , 1 − j) are in O 2 , (v i , j) and (v i+2k , j) are in I 0 , and (v i+k , 1 − j) and (v i+3k , 1 − j) are in V \ I 0 , where V is as defined in (11) . Since γ fixes I 0 pointwise, γ fixes (v i , j) and (v i+2k , j), and so γ either fixes (v i+k , 1 − j) and (v i+3k , 1 − j) or interchanges them. Since γ stabilizes S setwise, it follows that γ either fixes (u i+k , 1 − j) and (u i+3k , 1 − j) or interchanges them. In the former case, since γ stabilizes {(u i+k+2 , 1 − j), (u i+3k+2 , 1 − j)} and the restriction of γ to O 2 is an automorphism of cycle O 2 , we conclude that γ fixes every vertex of O 2 , which implies that γ fixes every vertex of DGP(n, k) and hence γ = 1. In the case when γ interchanges (u i+k , 1 − j) and (u i+3k , 1 − j), since γ stabilizes {(u i+k+2 , 1 − j), (u i+3k+2 , 1−j)} setwise and the restriction of γ to O 2 is an automorphism of cycle O 2 , we conclude that for each pair i, j with i ∈ {0, 1, . . . , n − 1}, j ∈ {0, 1} such that i + j is even, γ interchanges (u i+k , 1 − j) and (u i+3k , 1 − j) and hence interchanges (v i+k , 1 − j) and (v i+3k , 1 − j), and therefore we get γ = θ by (16). In either case we have C(n, k) (u 0 ,0) = δ, θ , and thus by (17), C(n, k) = ρ, δ, β, θ .
If n and k are even integers with 1 ≤ k < n/2, gcd(n, k) = 2 and 4 ∤ n, then define permutations λ and τ on V (DGP(n, k)) by letting
for all i ∈ {0, 1, . . . , n − 1} and j ∈ {0, 1}.
Lemma 5.3. Let n and k be even integers with 1 ≤ k < n/2, gcd(n, k) = 2 and 4 ∤ n. Then the following statements hold:
Proof. Recall from (9) that each edge of DGP(n, k) has one of the forms:
where i ∈ {0, 1, . . . , n − 1} and j ∈ {0, 1}. If i + j is odd, then
Since gcd(n, k) = 2 and 4 ∤ n, we have 1 − 2k 2 ≡ 1 (mod n). So we have:
It is straightforward to verify that if λ ∈ A(n, k) then λ ∈ B(n, k).
In the similar vein, if i + j is odd, then
Since gcd(n, k) = 2 and 4 ∤ n, we have −1 − 2k 2 ≡ −1 (mod n). So we have:
It is straightforward to verify that if τ ∈ A(n, k) then τ ∈ B(n, k).
We now determine B(n, k) when both n and k are even.
Lemma 5.4. Let n and k be even integers with
and 0) , . . . , (u n−2 , 1), (u n−1 , 0)). Assume that B(n, k) = C(n, k). Then for each γ ∈ B(n, k) \ C(n, k), we know from Lemma 5.1 that γ stabilizes S setwise and interchanges O and I. Since γ maps O to I, there are exactly two inner rims, which are
and I 2 = ((v 1 , 1), (v 1+k , 0), (v 1+2k , 1), (v 1+3k , 0) 
On the other hand, we know that DGP(n, k) has gcd(n, k) inner rims if n/ gcd(n, k) is odd, and 2 gcd(n, k) inner rims if n/ gcd(n, k) is even. Since 2 gcd(n, k) ≥ 4 as both n and k are even, we must have gcd(n, k) = 2 and n/ gcd(n, k) is odd, whence n/2 is odd. Note that ρ, β is transitive on V (defined in (11) ) and is contained in C(n, k). Applying an appropriate element of ρ, β when necessary, we may assume that γ maps (u 0 1) is a neighbor of (u 0 , 0), we have
. Applying an appropriate element of δ when necessary, we may assume that (u 1 , 1) γ = (v k , 1). By considering the restriction of γ to O 1 , we obtain that
where i ∈ {0, 1, . . . , n − 1} and j ∈ {0, 1}. Since
as γ stabilizes S setwise, and so
In summary, we have proved that one of the following four cases occurs:
First assume that (i) occurs. By considering the restriction of γ to O 2 , we obatin
for all i ∈ {0, 1, . . . , n − 1} and j ∈ {0, 1} with i + j odd. Since γ stabilizes S setwise, this together with (20) leads to
for all i ∈ {0, 1, . . . , n−1} and j ∈ {0, 1}. Comparing with (18), we obtain γ = λ and so B(n, k) = C(n, k), λ . Moreover, by Lemma 5.3(i) we have k 2 ≡ 1 (mod n/2). Next assume that (ii) occurs. By considering the restriction of γ to O 2 , we obatin (u i , j) γ = (v 1−(i−k)k , j) for all i ∈ {0, 1, . . . , n − 1} and j ∈ {0, 1} with i + j odd. Since γ stabilizes S setwise, this together with (20) leads to
for all i ∈ {0, 1, . . . , n − 1} and j ∈ {0, 1}. Consequently, if i + j is odd, then
It follows that ik − (1 − ik) ≡ ±1 (mod n) for all i ∈ {0, 1, . . . , n − 1}, but this is impossible. Now assume that (iii) occurs. By considering the restriction of γ to O 2 , we obatin
for all i ∈ {0, 1, . . . , n − 1} and j ∈ {0, 1} with i + j odd. Since γ stabilizes S setwise, this in conjunction with (20) leads to
for all i ∈ {0, 1, . . . , n−1} and j ∈ {0, 1}. Comparing with (19), we obtain γ = τ and so B(n, k) = C(n, k), τ . Moreover, by Lemma 5.3(i) we have k 2 ≡ −1 (mod n/2). Finally assume that (iv) occurs. By considering the restriction of γ to O 2 , we obatin (u i , j) γ = (v 1−(i−k)k , j) for all i ∈ {0, 1, . . . , n − 1} and j ∈ {0, 1} with i + j odd. Since γ stabilizes S setwise, this together with (20) leads to
It follows that ik − (−1 − ik) ≡ ±1 (mod n) for all i ∈ {0, 1, . . . , n − 1}, but this is impossible. So far we have proved that, if B(n, k) = C(n, k), then (n, k) satisfies k 2 ≡ ±1 (mod n/2), and either B(n, k) = C(n, k), λ with k 2 ≡ 1 (mod n/2) or B(n, k) = C(n, k), τ with k 2 ≡ −1 (mod n/2). Conversely, suppose that (n, k) satisfies k 2 ≡ ±1 (mod n/2). Then n ≡ 2 (mod 4) as k is even. In particular, 4 ∤ n. We deduce from Lemma 5.3 that λ ∈ B(n, k) or τ ∈ B(n, k). Since neither λ nor τ is in C(n, k), we have B(n, k) = C(n, k). Therefore, B(n, k) = C(n, k), λ if k 2 ≡ 1 (mod n/2) and B(n, k) = C(n, k), τ if k 2 ≡ −1 (mod n/2). Moreover, by Proposition 5.2, C(n, k) = ρ, δ, β . This completes the proof. Proposition 5.5. Let n and k be even integers with 1 ≤ k < n/2. Then the following hold:
Proof. First, if k 2 ≡ ±1 (mod n/2) and n = 4k, then B(n, k) = C(n, k) = K(n, k) by Lemma 5.4 and Proposition 5.2, as stated in (iv).
Assume that k 2 ≡ 1 (mod n/2). Then k 2 ≡ 1 − (n/2) (mod n). It is straightforward to verify that ρλ = λρ k 2 +k−1 , δλ = λδ and βλ = λρ n 2 β, which yields
In particular, λ does not commute with β. Then in view of (15), we have λ / ∈ ρ, δ, β . It is also straightforward to verify that λ 2 = ρ n 2 . By Lemma 5.4, we have B(n, k) = ρ, δ, β, λ . Note that ρ, δ, β, λ is transitive on V (DGP(n, k)) and that δ ∈ B(n, k) (u 0 ,0) . It follows that
Thereby we deduce that B(n, k) = L(n, k) as asserted in (i).
Next assume that k 2 ≡ −1 (mod n/2). Then k 2 ≡ −1 − (n/2) (mod n). It is straightforward to verify that ρτ = τ ρ n 2 +k , δτ = τ δ and βτ = τ ρ n 2 β, which yields τ −1 ρτ = ρ n 2 +k , τ −1 δτ = δ and τ −1 βτ = ρ n 2 β. In particular, τ does not commute with β. Then in view of (15), we have τ / ∈ ρ, δ, β . It is also straightforward to verify that τ 2 = ρ n 2 δ. By Lemma 5.4, we have B(n, k) = ρ, δ, β, τ . Note that ρ, δ, β, τ is transitive on V (DGP(n, k)) and that δ ∈ B(n, k) (u 0 ,0) . Then
Thereby we obtain that B(n, k) = M(n, k) as required in (ii).
Finally assume that n = 4k. It is straightforward to verify that ρθ = θρ 2k+1 , δθ = θδ and βθ = θρ 2k β, which yields θρθ = ρ 2k+1 , θδθ = δ and θβθ = ρ 2k β.
In particular, θ does not commute with β. Then in view of (15), we have θ / ∈ ρ, δ, β . Moreover, by Lemma 5.4 and Proposition 5.2, we have B(n, k) = C(n, k) = ρ, δ, β, θ . Note that ρ, δ, β, θ is transitive on U (defined in (10) ) and that δ, θ ∈ B(n, k) (u 0 ,0) . Then
Thus B(n, k) = N(n, k) as stated in (iii).
A(n, k).
In this subsection we determine A(n, k) when n and k are both even. We will prove that A(n, k) = B(n, k) for all pairs of positive even integers (n, k) = (10, 2) and A(10,
Given a cycle C in GP(n, k) or DGP(n, k), denote the numbers of outer edges, spokes and inner edges in C by r(C), s(C) and t(C), respectively. Denote by C j the set of j-cycles of DGP(n, k), for 3 ≤ j ≤ 4n, and let
Lemma 5.6. Let n and k be integers with 1 ≤ k < n/2. Then DGP(n, k) is edgetransitive if and only if A(n, k) = B(n, k).
Proof. If DGP(n, k) is edge-transitive, then A(n, k) does not stabilize S setwise and so A(n, k) = B(n, k). Suppose that DGP(n, k) is not edge-transitive. Then A(n, k) has at least two orbits of edges. On the other hand, A(n, k) is transitive on each of O, I and S. Thus A(n, k) has exactly two or three orbits of edges and hence stabilizes at least one of O, I and S setwise. It then follows from Lemma 5.1 that A(n, k) stabilizes S setwise. Hence A(n, k) = B(n, k) by the definition of B(n, k).
Lemma 5.7. Let n and k be integers with
Proof. For each integer j ≥ 3, since B(n, k) ≥ ρ, β is transitive on O, there exists a constant a j such that each outer edge is contained in a j distinct j-cycles. Hence R j = na j . Similarly, there are constants b j and c j such that each spoke is contained in b j distinct j-cycles and each inner edge is contained in c j distinct j-cycles. It follows that S j = nb j and T j = nc j . Suppose that A(n, k) = B(n, k). Then by Lemma 5.6, DGP(n, k) is edge-transitive and hence a j = b j = c j . Therefore, R j = S j = T j for all j ≥ 3.
Lemma 5.8. Let n > 20 be an integer. Then there is no 10-cycle C in GP(n, 2) such that r(C) < t(C).
Proof. Suppose to the contrary that GP(n, 2) contains a 10-cycle C with r(C) < t(C). Then there exist integers x 1 , . . . , x 10 ∈ {−2, −1, 0, 1, 2} such that However, computer search shows that there is no set of integers x 1 , . . . , x 10 ∈ {−2, −1, 0, 1, 2} satisfying (22), (23) and (24) simultaneously, a contradiction.
Next assume that n = 8k. Let x i = 1 if there are cycles of type i or i ′ in GP(n, k), 0 otherwise.
Observe that DGP(n, k) cannot simultaneously contain 8-cycles of types i and i ′ for any i ∈ {2, 4, 5, 7}. It follows that R 8 = 10nx 1 + 2nx 2 + 8nx 3 + 4nx 4 + 6nx 5 + 2nx 6 + 4n, S 8 = 4nx 1 + 4nx 2 + 4nx 3 + 4nx 4 + 4nx 5 + 4nx 6 + 8n, T 8 = 2nx 1 + 10nx 2 + 4nx 3 + 8nx 4 + 6nx 5 + 2nx 6 + 2nx 7 + 4n.
Suppose for a contradiction that A(n, k) = B(n, k). Then R 8 = S 8 = T 8 by Lemma 5.7, and so (R 8 − T 8 )/2n = 0, which gives 4x 1 + 2x 3 = 4x 2 + 2x 4 + x 7 .
Since x 1 , x 2 , x 3 , x 4 , x 7 ∈ {0, 1}, we conclude that x 7 = 0, x 1 = x 2 and x 3 = x 4 . If x 1 = x 2 = 1, then (n, k) satisfies the conditions for types 1 and 2 or the conditions for types 1 and 2 ′ , which implies that (n, k) = (12, 5), (13, 5), (24, 5) or (26, 5), a contradiction. If x 3 = x 4 = 1, then (n, k) satisfies the conditions for types 3 and 4 or the conditions for types 3 and 4 ′ , which implies that (n, k) = (10, 3), a contradiction. Consequently, x 1 = x 2 = x 3 = x 4 = 0. However, this together with R 8 = S 8 implies x 5 = x 6 + 2, which is impossible as x 5 , x 6 ∈ {0, 1}. This completes the proof. Thus, for each even integer n ≤ 20 with n = 10, we have |A(n, 2)| = |B(n, 2)|, and hence A(n, 2) = B(n, 2) as B(n, 2) is a subgroup of A(n, 2). Combining this with Lemmas 5.9 and 5.10, we obtain that A(n, k) = B(n, k) for any pair of even integers n and k with 1 ≤ k < n/2 and (n, k) = (10, 2). Moreover, computation in Magma [2] shows that A(10, 2) ∼ = (A 5 × Z We are now ready to prove Theorem 1.3.
Proof. If n is odd, then by Proposition 3.1 the statements in parts (i) and (ii) of Theorem 1.3 hold. If n is even and k is odd, then by Proposition 4.1 and Lemma 2.1 we obtain the statements in part (iii) of Theorem 1.3. If both n and k are even, then by Propositions 5.11 and 5.5 we obtain the statements in part (iv) of Theorem 1.3. 
